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Abstract 
Walking, jumping, and running (WJR) are inborn abilities of human beings. Since these three motions are 
indispensable to our daily lives, it is worthy of our exploration to enhance their exercise efficiency. In terms of 
biomechanics, performing these three motions involves the support from a single leg and maintaining the coordination 
and balance of body movements. Consequently, this study attempted to provide a set of algorithm for the support from 
a single leg, and thus establish mechanical minimum-energy expenditure (MMEE) control system for WJR. To 
formulate the algorithm, this study adopted seven types of homogeneous transformation matrices (CH-7T), 
Lagrange-Euler equations of motion (LEEM), and minimum-energy control (MEC). The simulation results showed that 
under the boundary conditions for the initial and the final states of the support phase for a single leg, the set of 
algorithm could compute the optimized trajectory, generalized force, and the MMEE for each controlled segment. The 
results proved that the adoption of CH-7T, LEEM, and MEC was successful in establishing an MMEE control system 
for the support phase of a single leg. Consequently, the designed algorithm and the system are capable of developing an 
optimal control model for the support phase of a single leg in RJW. 
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Introduction 
Since the stored energy of the human body is limited, 
the energy expenditure must be reduced to the minimum to 
ensure an extended time of activity. For example, marathon 
runners, marching soldiers, and astronauts who stay in the 
outer space for a long period of time need to save as much 
energy as possible. These situations suggest that it is necessary 
to design a control system of mechanical minimum-energy 
expenditure (MMEE). Among the everyday activities, walking, 
jumping, and running (WJR) are the most common. For the 
three activities, the support from one single leg can provide 
energy to move the body. Therefore, the researcher in this 
study attempted to design a control system of mechanical 
minimum-energy expenditure (MMEE) for one single leg in 
the support phase. 
In the past, researchers adopted various ways to design a 
dynamic system for human body, such as Newton-Euler 
equations of motion [1], Generalized d’Alembert equations of 
motion, and Lagrange-Euler equations of motion (LEEM) [2]. 
Equations of human motions comprise equations of the whole 
human body [3-7], equations of arm motions [8], equations of 
leg motions [9-10], and the dynamic system of a single 
joint[11]. 
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Due to the large number of human joints, the dynamic 
system for one single leg in the support phase is very 
complicated. In designing the dynamic system, this study 
adopted the human body model proposed by Zatsiorsky and 
Seluyanov [12]. Based on the 15 segments in this model, this 
dynamic system was defined to have 38 degrees of freedom 
(DoF). The generalized coordinate, generalized velocity, and 
generalized acceleration for each DoF acted as input variables 
in establishing the equations of the dynamic system. In the past, 
the LEEM which were used to establish a dynamic system 
comprised Denavit-Hartenberg (D-H) matrix [2]. The D-H 
matrix has its advantages. For one thing, this matrix can 
present equations in a simple way. For another, with this 
matrix, LEEM can be transformed into a control system. 
However, a dynamic system which adopts the D-H matrix can 
only be applied to a single kinematic chain of robot arm 
motion. Conversely, the human body, characterized by its 
branching segments, forms a multi-kinetic chains system. 
Consequently, D-H matrix is not suitable to establish equations 
for human motions [4]. 
Recently, the researcher of this study has successfully 
established an MMEE control system for the lower and upper 
limbs of the human body by adopting CH-7T [4, 13-14], 
LEEM, and MEC. The results of that study showed that 
moving the arm in the optimized trajectory simulated through 
computer could reduce 7% of mechanical energy expenditure, 
and that 19% of energy expenditure for the leg motion could 
be reduced. Inspired by this previous study, the researcher 
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attempted to an optimal control system for WJR in this study, 
which can reduce the mechanical energy expenditure for WJR 
and enhance the exercise efficiency. The researcher adopted 
CH-7T, LEEM, and MEC to design a set of algorithm for the 
support from a single leg, and thus form the future foundation 
of establishing an optimal control system for WJR.               
Materials and Methods 
Nomenclature  
iτ  =generalized force 
iq  =generalized coordinate 
iq&  =generalized velocity 
iq&&  =generalized acceleration 
i-1Ai =the homogeneous transformation matrix of the ith 
coordinate frame relative to the i-1th coordinate 
frame(Appendix A) 
0Aj 
=the coordinate transformation matrix from 0 coordinate 
frame to the jth coordinate frame, and the equation 
could be written as 0Aj=0A11A22A3… j-1Aj 
g  =[0,0,-|g|,0], g=9.8062 m/s2 
mj = the mass of the jth link 
rj =( jx , jy , jz ,1)T , position of the center of mass 
Jj = pseudo-inertia matrix (Appendix B) 
τ(t) =[τ1(t), τ2(t),..,τ38(t)]T, an 38×1 generalized force 
vector 
)(tq  =[ )(1 tq , )(2 tq ,…, )(38 tq ] T, an 38×1 vector of the 
joint variable 
)(tq&  =[ )(1 tq& , )(2 tq& ,…, )(38 tq& ]T, an 38×1 vector of the joint 
velocity 
u(t) =[ )(1 tq&& , )(2 tq&& ,.., )(38 tq&& ]T , an 38×1 vector of the 
acceleration 
M( q (t)) =an38×38 inertial acceleration-related symmetric matrix 
V( q (t), q& (t)) =an 38×1 nonlinear Coriolis and centrifugal force vector 
G( q (t)) =an 38×1 gravity loading force vector 
 
Subject 
The subject was a male student in the department of 
physical education. The subject was in good shape. He was 
aged 21, 181cm in height, and 75kg in weight. The segment 
lengths, CoM(rj), the mass of segment(mj), and the inertia of 
the subject were measured [1] . 
 
Human body model 
In this study, the human body was assumed to be a right 
body with no friction between segments. Based on a 
15-segment body model, this study designed a three 
dimensional MMEE control system with 38 DoF (Fig. 
1-2[4,13,14]).The right toe tip was represented by O0, and O7 
represented the left toe tip. The remaining Oi (i=1,…,6, 8,…,15) 
represented joints. The CoM position for each segment was 
represented with Gi(i=1,2,…,15). In Fig. 1, li represented body 
segment lengths. Lengths between joints were represented with 
 
Fig 1.  human body model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig 2. The translation from the origin of the ith link coordinate frame 
relative to the i-1th link coordinate frame pi and the CoM for 
jth link, rj . 
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the symbol s as followed: s1, length from right hip joint to the 
central point of two hip joints; s2, length from left hip joint to 
the central point of two hip joints; s3, length from the central 
point of two shoulder joints (CPTSJ) to right shoulder joint; s4, 
length from the CPTSJ to left shoulder joint; s5, length from 
the CPTSJ to waist joint O8 [13].  
Dynamics System  
 
Table 1. The homogeneous transformation matrix i-1Ai and 0Aj 
iq  
i-1Ai 0A j  Transformation 
q1  0A1 =Tt-x,q 0A1=0A1 Transformation of right hand B1 relative to the base 
coordinate frame  
q2  1A2 =Tt-y,q 0A2=0A2  
q3  2A3 =Tt-z,q 0A3=0A3  
q4  3A4 =Ty,q  0A4=0A4  
q5  4A5 =Tz,q  0A5=0A5  
q6  5A6 =Tx,q  0A6=0A6  
q7  6A7 =Ty,q 0A7=0A7 Transformation of right forearm B2 relative to the base 
coordinate frame 
q8  7A8 =Tz,q 0A8=0A8  
q9  8A9 =Ty,q 0A9=0A9 Transformation of right upper arm B3 relative to the base 
coordinate system 
    
 
q10  9A10 =Tz,q 0A10=0A10  
q11 10A11 =Tx,q 0A11=0A11 Transformation of upper trunk B5 relative to the base 
coordinate frame 
q12 11A12 =Ty,q 0A12=0A12    
q13 12A13 =Ty,q 0A13=0A13  
q14 13A14 =Tx,q 0A14=0A14 Transformation of lower trunk B6 relative to the base 
coordinate frame 
  
 
q15 14A15 =Tz,q 0A15=0A15  
q16 15A16 =Ty,q  0A16=0A16  
q17 16A17 =Ty,q 0A17=0A17 Transformation of right thigh B10 relative to the base 
coordinate frame 
q18 17A18 =Tz,q 0A18=0A18  
q19 18A19 =Ty,q 0A19=0A1212S18 18A19  
q20 19A20 =Tx,q 0A20=0A1212S18 18A20 Transformation of right shank B11 relative to the base 
coordinate frame 
q21 20A21 =Tz,q 0A21=0A1212S18 18A21 Transformation of right foot B12 relative to the base 
coordinate frame  
q22 21A22 =Ty,q 0A22=0A1212S18 18A22  
q23 22A23 =Tx,q 0A23=0A1212S18 18A23 Transformation of left thigh B13 relative to the base 
coordinate frame  
q24 23A24 =Tz,q 0A24=0A1212S18 18A24  
q25 24A25 =Ty,q 0A25=0A1212S18 18A2121S24 24A25  
q26 25A26 =Tx,q 0A26=0A1212S1818A2121S24 24A26 Transformation of left shank B14 relative to the base 
coordinate frame 
q27 26A27 =Tz,q 0A27=0A1212S1818A2121S24 24A27 Transformation of left foot B15 relative to the base 
coordinate frame  
q28 27A28 =Ty,q 0A28=0A1212S18 18A2121S24 24A28  
q29 28A29 =Tz,q 0A29=0A1212S18 18A2121S24 24A29 Transformation of left upper arm B7 relative to the base 
coordinate frame  
q30 29A30 =Ty,q 0A30=0A1212S18 18A2121S24 24A30  
q31 30A31 =Tx,q 0A31=0A1212S18 18A2121S2424A31  
q32 31A32 =Ty,q 0A32=0A1212S18 18A2121S31 31A32 Transformation of left forearm B8 relative to the base 
coordinate frame  
q33 32A33 =Tx,q 0A33=0A1212S18 18A2121S31 31A33  
q34 33A34 =Tz,q  0A34=0A1212S18 18A2121S31 31A34 Transformation of left hand B9 relative to the base 
coordinate frame  
q35 34A35 =Ty,q 0A35=0A1212S18 18A21 21S3131A35  
q36 35A36 =Tz,q 0A36=0A1212S18 18A2121S31 31A36 Transformation of the head B4 relative 
to the base coordinate frame  
q37 36A37 =Ty,q 0A37=0A1212S18 18A2121S31 31A37  
q38 37A38 =Tx,q 0A38=0A1212S18 18A2121S31 31A38  
In  0 A i ,  wh e n  i = 1 ,… . . ,1 8 ,  v ec to r  p 1 2  = [0 ,  s 1 + s 2 ,  0 ]  l i n k s  t he  B4 an d  B5 j o i n t .  In  0 A i ,  w h e n  i= 1 9 , …,  3 8 ,  v ec t or  p 1 2  
= [ 0 ,  s 1 ,  l 4 ]  l i n k s  t h e  B4 an d  B8.  In  0 A  i ,  w h en  i= 1 , …,  24 ,  v e c t o r  p 2 1 = [0 ,  0 ,  l 8 ]  l i n ks  t h e  B8 a n d  B9 j o in t .  In  0 A i ,  
w h e n  i= 25 ,… ,  31 ,  ve c tor  p 2 1 = [0 , -s 3 ,  s 5 ]  l i n ks  t h e  B8 a n d  B10 j o in t .  In  0 A i ,  wh e n  i= 3 2 , …,38 ,  ve c to r  p 2 1 = [0 ,  s 4 ,  s 5 ]  
l i n k s  t h e  B8 a nd  B13 j o in t .  
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Fig 3. OLKCs for the support phase of a single leg. Starting from the 
origin of the base coordinate frame (X0,Y0, Z0), four OLKCs 
were established with the right toe tip as the support point .The 
first OLKC consisted of B1, B2, B3, B4, B5, B6, and B7. The 
second OLKC consisted of B1, B2, B3, B4, B8,and B9.The third 
OLKC consisted of B1, B2, B3, B4, B8, B10, B11, and B12。The 
fourth OLKC consisted of B1, B2, B3, B4, B8, B13, B14, and B15. 
 
A coordinate system was presented in this study, and the 
origin of this coordinate system was represented with (x0, y0, 
z0)(Fig. 1-2). Due to the structure of human body joints, the 
dynamic system in this study was defined to comprise 38 DoF. 
They acted as variables of this dynamic system. Each DoF 
involves a coordinate frame. Starting from the origin of the 
X0Y0Z0 coordinate frame, four Open-Loop kinematic chains 
(OLKCs) were established with the right toe tip as the support 
point (Fig. 2-3).By applying the four OLKCs, the researcher 
once used CH-7T (Table 1 [4,13]), Appendix A) and LEEM to 
establish the dynamic system for the support from a single leg 
[2, 4, 15]: 
iτ =∑
=
n
ij
∑
=
j
k 1
Trace( Tjijjk WJW ) +kq&&  
∑
=
n
ij
∑
=
j
ik
∑
=
j
m 1
Trace( Tjijjkm WJW ) kq& −mq&  
∑
=
n
ij
)( jjij rgWm      i=1,2,3,.…,38           (1)            
In Eq. (1), Wjk was defined as ∂ 0Aj/ ∂qk (i=1,2,3,…,38). 
Wji was defined as ∂ 0Aj/∂qi (i,j=1,2,3,…,38). Wjkm was defined 
as ∂ Wjk / ∂qm (i,k,m=1,2,3,…,38). The definition and the usage 
of the coordinate transformation matrix 0Aj could be found in 
Table 1 (Appendix A). 
 
Minimum-Energy Control 
The equation of motion (1) could be written in a matrix 
form as followed [15-16]): 
 
τ(t)=M( q (t)) u +V( q (t)), q& (t) )+G( q (t))             (2) 
                       
The equation of dynamics for the support phase was then 
transformed into the state-space of the control system (Lewis 
et al., 1993[15]):  
)(tx& = )(0)(
00
0
tu
I
tx
I






+





                     (3)    
In Eq. (3), the state variable was represented with x(t)=[ )(tq T  
)(tq& T ]T, I represented a 38×38 identity matrix. u(t) 
represented a control input: 
 
u(t)=-M-1( )(tq )[V( )(tq , )(tq& ))+G( )(tq ))]+M-1( )(tq )τ(t)   (4) 
              
By adopting the MEC, this study divided the process of  
simulating the motion into two time points. The first time point 
was defined as t0 with x(t0) being the initial state. The second 
time point was defined as tf with x(tf) being the final state. The 
state variables x(t0) and x(tf)were defined as established 
boundary conditions. The cost function of the 
minimum-energy control during the interval of t ∈ [t0, tf] could 
be written as followed [16]: 
Jmin= ∫
ft
t0
2
1
u(t)TR u(t) dt                            (5) 
R was a symmetric control weighting matrix (R=[I]). 
Following the standard procedures of MEC in solving 
problems, this study utilized Eq. (3)-(5) under established 
boundary conditions, x(t0) and x(tf), to obtain optimal control 
input u*(t) and optimal trajectories x*(t)= [q*(t)T q& *(t)T]. 
Next, the resulting u(t) and x(t) were planted in Equation (2) to 
obtain generalized force τ(t). 
With the computed optimal trajectories x*(t) and generalized 
force τ*(t), the MMEE for the ith link during the period from 
t0 to tf  was defined as Ei , which could be written as followed 
[1]: 
Ei = ∫
ft
t0
|τi*(t) iq& *(t) | dt  i= 1,2,3,…,38             (6) 
Example 
The subject was simulated standing in a rising elevator 
with his right foot on the elevator floor, his left knee bent, and 
his upper trunk leaning forward. Then he straightened his left 
leg and waist, and both arms were lifted from the sides of the 
body and remained elevated. Since boundary conditions are 
needed in the simulation, this study referred to the real support 
motion of a single leg to find out the boundary conditions for 
the six main joints involved in the motion (q3 , q1 3, q16 , q19 , 
q26 , q33) . Then the simulation was conducted under these 
boundary conditions (Appendix B). 
 
Data Analysis 
The computer program language Borland C++ (Builder 
5.0 version)  was used to edit the designed algorithm into 
applied software. The reason why Borland C++ was adopted 
was that it is an object-oriented programming, easy for users to 
develop other applied software. The input (Table 3 [6]) and 
output parameters involved in the calculation were as 
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followed:  
Input data: 
(1) the relative position vector between two ends of a certain 
body segment (pi). 
(2) the mass of the jth link (mj).  
(3) the CoM for jth link (rj). 
(4) inertia (Ii). 
(5) initial state x(t0); t0.  
(6) final state x(tf); tf . 
          
Output data:  
(1) optimal trajectories x*(t). 
(2) optimal control u*(t).  
(3) generalized force τ*(t).  
(4) MMEE for ith link Ei. 
 
Results 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
F i g  4 .  Th e  s i mu la t e d  m ot io n  i n  a  r i s i n g  e le va t o r.  A c om p u te r  w as  u sed  t o  s im u la t e  th e  MM E E o f  t h i s  m ot io n .  
Th e  s i mu la t i o n  t o o k  0 . 8 s  an d  wa s  d iv id e d  i n to  n in e  p h as es .  Th e  i n t e rv a l  b e tw ee n  tw o co n t in u o u s  p h as es  
wa s  0 .1 s .  ( a )  t h e  i n i t i a l  s t a t e  t 0 = 0 s  ( i )  t h e  f i n a l  s t a t e  t f = 0 .8 s .  
In this study, a subject was simulated standing on one 
leg in a rising elevator. Fig. 4(a)[14] presented the initial state 
of the simulated motion. In the initial state t0=0s, the subject 
stood in the elevator, and his right toe was at the position of  
0.0m on the Z-axis of the OX0Y0Z0 coordinate system. Fig. 4(i) 
presented the final state of the simulated motion. In the final 
state tf=0.8s, the right toe was at the position of 0.8m on the 
Z-axis of the OX0Y0Z0 coordinate system [14]. 
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Fig 5.  (a) The motion trajectory for the right toe on the Z-axis. (b) 
The loaded force for the right toe on the Z-axis[14].  
 
Fig. 5(a) presented the motion trajectory of the right toe. 
Fig. 5(b) presented the loaded vertical force of the right 
toe 3τ = [1362N, 140N]. Fig. 6(a) presented the angular 
positions for left hip joint, left knee joint, right shoulder joint, 
and left shoulder joint. Fig 6(b) presented the moments for left 
hip joint, left knee joint, right shoulder joint, and left shoulder 
joint. Fig. 6(c) presented the angular position for the waist. Fig. 
6(d) presented the moment for the waist[14]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig 6.  (a) Graphs for the changing angular position of each joint: L 
Hi-Y, the graph for left hip joint, and the angular position q13 ; 
L Kn-Y, the graph for left knee joint, and the angular position 
q16 ; R Sh-X, the graph for the right shoulder joint, and the 
angular position q26; L Sh-X, the graph for left shoulder joint, 
and the angular position q33 . (b) The moment for left hip joint, 
left knee joint, right shoulder joint, and left shoulder joint. (c) 
The angular position for the waist  q19  ( Wa-Y). (d) The 
moment for the waist (Wa-Y) [14]. 
 
 
 
Ta b le  2 .  S im u la t i o n  o f  M M E E 
Ti me (s )  L H i -Y E 1 3 ( J )  
L K n -Y 
E 1 6 ( J )  
Wa -Y  
E 1 9 ( J )  
L Sh -X 
E 3 3 ( J )  
RS h -X  
E 2 6 ( J )  
0.6 (t0=0, tf=0.6) 1.48 10.08 89.04 19.07 19.07 
0.8 (t0=0, tf=0.8) 1.09 9.00 69.59 13.25 13.25 
1 (t0=0, tf=1) 0.92 8.50 61.22 12.87 12.87 
L Hi -Y:  le f t  h i p  j o i n t ;  L K n -Y:  l e f t  k n e e  j o in t ;  Wa -Y:  
w a i s t  j o i n t ;  R  Sh -X :  r i gh t  s h o u ld e r  j o i n t  (X -  ax i s ) ;  
L Sh - X :  le f t  s h ou ld e r  j o in t [14].   
 
The MMEE of moving in a rising elevator for 0.8s was 
calculated under the above-mentioned established boundary 
conditions for five human body joints(Table 2)[14]. To obtain 
the minimum energy expended for the same motion performed 
within a shorter or longer period of time, this study also 
simulated the same motion for 0.6s and 1.0s. Table 2 presented 
the MMEE for each of the five joints[14]. 
Discussion 
In recent years, many researchers have attempted to 
develop a dynamic system. Their accomplishments can be 
attributed to the advance of computer hardware and numerical 
methods. Following the trend, this study was also conducted 
with computer hardware and numerical methods. The primary 
reason why this study adopted LEEM to establish the 
equations for human motions is that LEEM has an intact 
structure, making it easy to design the state-space of a control 
system [2, 6, 17, 18].  
Applying this dynamic system, this study simulated the 
subject moving in a rising elevator for 0.8s (Fig. 5(a)). The 
vertical force imposed on the right toe 3τ  was larger in the 
beginning, amounting to 1362 N. The force decreased 
gradually to 140 N (Fig. 5(b)). In the dynamic system, 
generalized forces 1τ , 2τ , and 3τ  were external forces from 
the elevator imposed on the human body. It meant that this 
amount of energy derived from the elevator, not from the 
human body. Because of this, energy expenditure E1, E2, and 
E3 couldn't be counted in the mechanical energy expenditure 
of human body. The energy produced by the human body 
joints were represented with the symbols from E4 to E38 [11].  
Fig. 6 presented the graphs of the changing angular 
position for each of the five joints. The angular position for left 
hip joint was defined as q13 ∈ [-20 , 0]. The loaded moment ∘
of left hip joint was less than 8Nm (Table 2), and its MMEE 
was 1.09 J. The angular position for left knee joint was defined 
as q16 ∈ [90 , 0 ]. It∘ ∘ s moment was larger than that of left 
hip joint, and its MMEE was 9.00 J. The angular position for 
the right shoulder joint was defined as q 26 ∈ [0 , ∘ -135 ]. ∘
The angular position for the left shoulder joint was defined as 
q33 ∈ [0∘, 135 ]. The right shoulder joint obtained as much ∘
moment and MMEE as the left shoulder joint. The MMEE a 
shoulder joint expended was 13.25 J. The angular position for 
the waist joint was defined as q19 ∈ [60 , 0 ]. The ∘ ∘ MMEE 
the waist required was 69.59J.   
Table 2 indicated that when the subject moved in a rising 
elevator for 0.8s, the waist joint required the largest energy 
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expenditure, the shoulder joint required the second largest 
energy expenditure, and the left hip joint required the smallest 
energy expenditure. Two other simulations were done to make 
a comparison among three different periods of rising time: 0.6s, 
0.8s, and 1.0s. The result from the algorithm showed that the 
rising time of 0.6ses required the largest energy expenditure to 
accomplish the same motion. The rising time of 1.0s required 
the smallest energy expenditure.  
In conclusion, with longer time spent in performing the 
motion came the less energy expenditure. More energy was 
expended when shorter time was spent in performing the 
motion. The researcher once applied the same methodology to 
a previous study on front chin-ups of three subjects [13]. The 
above-mentioned conclusion was similar to the results 
obtained from this previous study on front chin-ups.  
The above simulation results showed that under the 
boundary conditions for the initial and final states of the 
support phase for a single leg, this set of algorithm could 
locate the optimal trajectory and compute the MMEE for each 
controlled segment. The results proved that the adoption of 
CH-7T, LEEM, and MEC was successful in establishing an 
MMEE control system for the support phase of a single leg. 
Consequently, the designed algorithm and the dynamic system 
are capable of developing an optimal control model for the 
support phase of one leg in WJR. 
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Appendix  A 
The homogeneous coordinate transformation matrices 
applied in LEEM came from CH-7T proposed by Chiu [4, 13, 
14]. qi is a joint variable associated with the ith link, and it was 
assumed that cqi＝cosqi, sqi＝sinqi. The translation from the 
origin of the ith link coordinate frame relative to the i-1th link 
coordinate frame was represented with pi and, pi = ( iii ,, zyx )T 
(Fig. 2). CH-7T was defined as followed: 
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i-1Si is a 4×4 identity matrix, mSn = mSm+1 
m+1Sm+2……n-2Sn-1 n-1Sn (m and n are positive integers, n>m) 
 
Appendix B 
 Matrix Ji could be written as followed[2]:  
Ji=

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This Ji matrix requires parameters for human body 
segments. In Table 3 [14], the moments of inertia for the link i 
were defined as (Ixx, Iyy, Izz), and cross-products of inertia were 
defined as (Ixy, Ixz, Iyz). 
 
Table 3.  The subject's segment parameters, the initial state x ( t 0 ) ,  a n d  th e  f i n a l  s t a t e  x ( t f ) .  
  pi(m)   ri(m)       Ii(kgm2)    x(t0) x(tf)  
i ix  iy  iz  ix  iy  iz  mi(kg) I1 I2 I3 I4 I5 I6 I7 I8 I9 qi q& i  qi q& i 
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0m 0m  0m 0m 
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0m 0m  0m 0m 
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0m 0m  0.5m 0m 
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
6 -.161 0 0 .071 0 0 1.03 .0124 0 0 0 .0008 0 0 0 0.0003 0∘ 0∘  0∘ 0∘ 
7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
8 0 0 .436 0 0 -.176 3.25 .0028 0 0 0 .0041 0 0 0 0.2579 0∘ 0∘  0∘ 0∘ 
9 0 0 .445 0 0 -.202 10.62 .0214 0 0 0 .021 0 0 0 0.8212 0∘ 0∘  0∘ 0∘ 
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
12 12x  12y  12z  0 -.134 .048 8.38 .0238 0 0 0 .1898 0.0533 0 .0533 0.0521 0∘ 0∘  0∘ 0∘ 
13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20∘ 0∘  0∘ 0∘ 
14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
15 0 0 -.445 0 0 .243 10.62 .0214 0 0 0 .021 0 0 0 0.6314 0∘ 0∘  0∘ 0∘ 
16 0 0 -.436 0 0 .260 3.25 .0028 0 0 0 .0041 0 0 0 0.1403 0∘ 0∘  0∘ 0∘ 
17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
18 .161 0 0 -.090 0 0 1.03 .0093 0 0 0 .0008 0 0 0 0.0003 0∘ 0∘  0∘ 0∘ 
19 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 60∘ 0∘  0∘ 0∘ 
20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
21 21x  21y  21z  0 0 -.213 24.21 .0562 0 0 0 .2077 0 0 0 1.5525 0∘ 0∘  0∘ 0∘ 
22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
24 0 0 .244 0 0 -.122 5.21 .0114 0 0 0 .0091 0 0 0 0.0968 0∘ 0∘  0∘ 0∘ 
25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
26 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  -135∘ 0∘ 
27 0 0 -.28 0 0 .154 2.03 .0013 0 0 0 .0027 0 0 0 0.0433 0∘ 0∘  0∘ 0∘ 
28 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
29 0 0 -.278 0 0 .159 1.22 .0004 0 0 0 .0009 0 0 0 0.0232 0∘ 0∘  0∘ 0∘ 
30 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
31 0 0 -.18 0 0 .114 0.46 .0001 0 0 0 .0005 0 0 0 0.0029 0∘ 0∘  0∘ 0∘ 
32 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
33 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  135∘ 0∘ 
34 0 0 -.28 0 0 .154 2.03 .0013 0 0 0 .0027 0 0 0 0.0433 0∘ 0∘  0∘ 0∘ 
35 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
36 0 0 -.278 0 0 .159 1.22 .0004 0 0 0 .0009 0 0 0 0.0232 0∘ 0∘  0∘ 0∘ 
37 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0∘ 0∘  0∘ 0∘ 
38 0 0 -.18 0 0 .114 0.46 .0001 0 0 0 .0005 0 0 0 0.0029 0∘ 0∘  0∘ 0∘ 
In 0Ai , when i=1,…..,18, p12=[0, 0.268, 0] T. In0Ai when i=19,…,38,  p12=[0, 0.134,0.171] T. In0Ai when i=1,…,24 , p21=[0, 0, 0.436] T. In 0Ai when 
i=25,… ,31,  p21=[0, -0.193, 0.406] T. In 0Ai when i=32,…,38,  p21=[0, 0.193, 0.406] T. I 1 = (-I xx + I yy  + I zz )/2, I2 = I xy, I 3 = I xz, I 4 =I xy, I5 = 
(I xx-I yy + I zz )/2, I 6 = I yz,  I 7 = I xz, I 8 = I yz,  I 9 = (I xx + I yy - I zz )/2 . 
